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I. INTRODUCTION 


In recent years the quasi-spin method and the orthogonal groups On 
connected with it, have been widely applied in nuclear spectroscopy. This 
method is used among others for classification of the states of many nuc- 
leons [1, 2, 3,.4, 13], for the pairing interaction [4, 5, 6, 7], for the theory 
of nucleus splitting [8, 9], for the probabilities of Gamow-Teller transi- 
tions [10], for the energy of rotational states of nuclei with high angular 
momenta [11], or for collective excitations of spherical nuclei [12]. 

In practical application it is important to know the Wigner coeffi- 
cient by means of which we can decompose the Kronecker product of the 
representations of the same symmetry group. In particular, in case of 
the configuration of protons and neutrons at the j level, some types of 
the Wigner coefficients for the quasi-spin group were calculated by se- 
veral authors with various methods. Hecht [13] has calculated the 
Wigner coefficients of the O; group in the so-called mathematical basis 
by means of the recurrent formulae, and with Hemenger [15, 16], 
they applied in calculations the matrix elements of corresponding irre- 
ducible tensor operators in group Os. Jahn [14] has calculated the Wi- 
gner coefficients starting from the shell d by using the relations of these 
coefficients with phonon fractional parentage coefficients in the seniority 
scheme. Finally, Wong [21] has recently used for calculations the me- 
thod of adjoined tensor operators for the On group. 

However, there is not available a general formula for the Wigner 
coefficients of group O; similar to that [e. g. 18] for the Wigner coef- 
ficients of O, group, which are commonly called Clebsch-Gordan coef- 
ficients. The Wigner coefficients calculated by Hecht and Hemen- 


26 Maria Trajdos 


ger are not only given as separate formulae for the particular represen- 
tations, but also separately for admissible values So and T in given repre- 
sentation. 

In this paper the author deals with the Wigner coefficients related to 
the following scheme of the Kronecker decomposition product (0,2^)X. 
X (0, 2^) = (0, X¥ +1”). Calculations given here are followed by the gene- 
ral formula for any coefficient of the above product. 


IL. FUNDAMENTAL FORMALISM 


Quantum numbers labelling the states of irreducible representation 
of any symmetry group are usually divided into two sets. The first set 
includes quantum numbers distinguishing the irreducible representations 
of the given group, and the other — quantum numbers distinguishing the 
states within the given irreducible representation. For the O; group two 
quantum numbers label the irreducible representations, and additional 
four numbers — the particular states within the irreducible representa- 
tion. In this paper the following labelling of the states is used: 


Ke Te ror lias 
i, 42 denote numbers of the fundamental representations [19], whereby 


A,7 2t 


ouk, MRE 8 
Aimj* 5 5 t 


The states in the irreducible representation (M, 42) are distinguished by 
the quantum numbers of the third quasi-spin component S,— !/; (n —2j— 1), 
the total isospin and its third component T and T, and the B number 
necessary for the representations in which the same value T for the given 
S, appears more than once. 

Let us take two bases of irreducible representations of O; group 
l4, Ae’) BY So TTo) and IA”, A) B" So” T” To”) describing two inde- 
pendent physical systems I and II. The compound system (I+II) is des- 
cribed by the bases of the irreducible representations |(A1, 1;) B So T To), 
where (Aj, à) is obtained from the Kronecker product of the representa- 
tions (M, Ao’) and (Ay”, 42”). Any state l(1, 4;) B So T To) is a linear combi- 
nation of the products of the starting states: 


lA ABSIT =) AAIR ST TAAI B'S T bilan Al BSTED* 
BST 
gs 


TR (1) 
n (ALAI BST TY (As, A PST > 


S 
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According to the Wigner-Eckart theorem, the Wigner coefficients appear- 
ing in (1) can be reduced in the isospin space: 


(Ay ANB STE (ALADB'SST |t Ade sri» = 
=T T'E" TT) KIA AIR SoTi UAM STA, AIBST > 


The most interesting representations are those of a small seniority 
number v and of a small reduced isospin t. These requirements can be 
met by the representations (0, 25), (M, 0) and (1, 45). Only five quantum 
numbers are necessary for labelling the states of each of these represen- 
tations. The number f is superfluous, because for every So, each of the 
admissible values T occurs only once. 

In the paper [1] general formulae for the Clebsch-Gordan series for 
the Kronecker products are given 


(4^, 0) (,", 0) 
(0, do’) x (0, Ao”) 
and (A, 0)X (0, àz”) 


(2) 


and a number of series of the type (4,4 3)X (A"1, 42) for the particular 
values A^, A’, A", 42. It can be easily noticed that in each of the Kroneck- 
er products (^, 4’2)X (41, A”2) the representation 

QM, Na HA”) 


occurs only once. The state of the highest weight in this representation 
is the product of the states of the highest weights of starting represen- 
tations: 


Ape At, Ast AL SiS as TT" oc T T" >= 


a | UE OCAMN Le RE ST ES ctr = 


or, in other words, the sum in the formula (1) is reduced to one term, 
and the corresponding Wigner coefficient is equal to one. 


For the representation of the type (0,2) we have Spmax=i, 
(Tomax) Spmax= 0, thus from (3) we get 


|t0,4 4"), A-4500 > =|(0,2') 4'007» |(0,4") A"00 > (4) 


(3), 


in the papers [1] and [20] there were constructed the states within the 
representations (0,2), (1, 4;) and (M, 0). For the representation (0,2) any 
allowed state is expressed by the formula 


[(0,aSTE>=NlabkNT)US2)f(S%)-45252}"|(0,a,)A,00> ©) 
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where: 
a-T1-n 
b=T 
1 
k-ta T-S) 
N(a,b, k) — normalization coefficient. 
III. THE CALCULATION OF THE WIGNER COEFFICIENTS 


According to (2) only the reduced Wigner coefficients should be cal- 
culated. Therefore in (5) we can put T,— T, to simplify the calculation, 
without narrowing the results. Thus from (4) and (5) we get the relation 


(s*Y (is - 4 SISP |toa 24-4500» = 


(6) 
=(S2 (s94 s*s* (10,4) 4/007 (o, 2" 400) 
Then, we consider the special cases. 
1. For k—0, we get 
T=A—So (7) 


We act with the operator S?_ successively b times on the right and left 
side (4) and, using the matrix elements [1], we obtain: 


S*(I0,4) A'00» 10, A"1A"00>}= VA 110,2) A-1, 11> 0, A A" 00 + 
* V \(0,a') A'00 >| (0,4 4-111» 
ISPP (0,2) fele A") 2'009 }= (224717 |(0, 2142, EUN A") A00 5 + 
20077 (0,4) 4-111» |t0, 4 2-1, 11» + 
-MZZTUC-T |(0,A') A'00>|(0,A") 47-2, 22> 


and generally 


(s?"{|t0,2’)a'00> (022 47005] = I=) 1o- n ql 


x|t0,4) A-b«t, b-t, b> [l0,2") ALL, LU» 
and, on the other hand 


quen 
(S^ o 2:20 4 at00»- [24A AS. ho, A+A a+", be> 
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Therefore, for T—2 — Sp, the reduced Wigner coefficient is given by ge- 
neral formula 


€10,4') A-b«l,b-1;(0, 2 A}, t || 0, A'+2) 24" b> = 
= (^) [pua ar t | (8) 
[L(A +l) LAU)! b! (A'+A'! 
where: 
b=0,1, ... min (X, 4”) 
1—0,, ... b 
Substituting the physical values for b and 1 (5), we get: 


o, ANA'-T+T' T-THO; RATT" [o2 «4424-7757 


=( 7) [mure al Ee (9) 
T LASTETA TIHTI A+A! 

All coefficients of this type are positive. Then, some of the symmetry 
properties of these coefficients are given. In cases in which the multi- 
plicity of T is not higher than 2 [17], we get the relations 


CU, AMST US AST [AS T5 = 


-q-n P LA ANST s Ab Ades" | Ay AST 7, a 
where: 
E= FA 2 — Mh 
»-| O for the representations 10,4 , (1,4 
t-T for (440) 
and 
QUAM SOT USA SoT [lan Aad ST > = 
apis icio um d (271). dim Ay Al |’. 
(2T *1):dim( Ai, Aj) 
(11) 


x CIA) ST ; (As A-ST" AAST 2 
The dimension dim (M, ł) of the irreducible representation is given by 


dim\A,, a) = e At Wl A-1104, 54,*2) (452A, 3) 


For several admissible values of the isospin T", with the given S”, T" 
is the highest value of T”, so that when combined with T’ it gives T; and 
v —1— T'. The label o from the formulae (10) and (11) distinguishes the | 
representations (M, 42) appearing more than once in the decomposition of 
Kronecker product (A, 13)X (4^, 42). 
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It appears from the formulae (9), (10) and (11) that - 
(o a-T +T; T-T"; (0, 2") AT! T |(0, 4&2" 4-7, 7 > = (12) 
-€10,4- A T-TT-T" (0, A) T4" T", a «a? r4 T >= 


4 
za (2 T-2 T*1) dim (0, VES U T ' e z 
V | ETAT AT] 0444-770 07-477" 0, 214 T7? T-7*» 
2. Setting in (6) b—0 with k #0 and taking the operator [(S"?_)? — 
— 4S" S? ]* instead of (S? )" as in previous case, we obtain in the similar 
manner 


4 
"^? ctor lig 22) 2. —[Qk«1(24«2251)1 ]* I FEUI 13 
(7 1-45*s*] |(,4's4')a'-2)00> [opus (0,22) 2'+A"-2k,00> (13) 


and 


T-T 
IS"I-4s^s^Y 0,A) A'O m qi < (1) AT 
(sf-«s^s* (0.2040 »|to 21400 >) Y Uem tka) 


«[ 2^(2 1) a) patent) i ca 
(A-k + BF) A-2 eT Hn] 2 -Dyo3* oer) 


x |(0, 4) A-2&«n,T' 7» [10,43 4-0, T- 
From these formulae we immediately get 


(15) 
LOAA -2k«n,T',(0,4)4 -n,T' (0, A A 4" - 2&0» — fn, T) * 


A 
(4) 2 HU + A"= AN 2a 2 251)8(22*24- 2e] H Á 
(Ark 2- Dy(a'- 2 - Zu aho A -2T n-1)2 an T) 22 A") 


where f (k,n, T’) is given in Table II for several values of k, n, T’. The 
quantum numbers k, n, T" take on the values: 

k=0,1, ... X 

1—0,1, ... min. (V, X.) 
The admissible isospin values T for a given S, can be read from Table 1. 


The above method can be also applied to calculation of the Wigner 
coefficients for the representation (4’+)”,0) obtained from Kronecker 
product (4,0)X(4",0) and for the representation (1,4’+”) from Kro- 
necker produkt (1, 1^) X (0, 4”). 
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————————————————————————————— 


Table 1. Isospins T for the representation (0,A) 


S, T 
EA) 0 
+(A—1) 1 
+(A—2) 0 2 
+(A4—3) 1 3 
0 B A Tr 2, À 


Table 2. The value of the function f(k,n,T appearing in the reduced . Wigner 


coefficients (formula (15) 


m 


k n T f(k,n,T’) k n q f(k,n,T’) 
4o e 1 gy 1 
Lewd at 48 —2 Roos d —22/3 
MMC TIL. 1 $2058 uini Vt. 
e ise: —2y2 ade i ele | 4,2 
No diu SU | 103 ALT MI —2 |/ 42/5 
25 4 OR 44 2/3 A TA — 8 | 2/5 
$ c elon = 2/2 Sadya cnan p" 
ac rg 1 P de, Mem 4y2 
x uz 1 ME S| —3y 3 
idle. to 1 DWAAN qi 1 
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STRESZCZENIE 


Wykorzystujac elementy macierzowe generatorów grupy Os [1], wyli- 


czono następujące typy współczynników Wignera Os w bazie |(0, A) Sy T To): 


1 <10, AISIT; 10, SET T'O, 4*4), -0» 
2. 0,2) ST"; (0,4) se" |o, 2'45 T = 44-5,» 


PE3IOME 


Ucnonb3ya Matpuunble 3neMeHrbi reHepatopos rpynnbi Os (1], 6binn Bbi- 


uncneHbl cneayroujde TunbI KoscbqpuuneHTosB BurHepa O; B 6aswce 


4. <(0,2)S37'; (0, 2)S2T ^ T'||(0, 4*4) S, T =0 > 
2. COAST"; (0,2 st" NO AANST = 2'-4"-S, > 


